Single-scale quantities, like the QCD anomalous dimensions and Wilson coefficients, obey difference equations. Therefore their analytic form can be determined from a finite number of moments. We demonstrate this in an explicit calculation by establishing and solving large scale recursions by means of computer algebra for the anomalous dimensions and Wilson coefficients in unpolarized deeply inelastic scattering from their Mellin moments to 3-loop order.
Introduction
Higher order calculations in Quantum Field Theories easily become tedious due to the larger number of terms emerging and the sophisticated form of the contributing Feynman parameter integrals. This applies already to zero scale and single scale quantities. Even more this is the case for problems containing more than one scale. While in the latter case the mathematical structure of the solution of the Feynman integrals is widely unknown, it is explored to a certain extent for zeroand single scale quantities. Zero scale quantities emerge as the expansion coefficients of the running couplings and masses, as fixed moments of splitting functions, etc. They can be expressed by rational numbers and certain special numbers as multiple zeta-values (MZVs) [1, 2] and related quantities.
Single scale quantities depend on a scale z which may be given as a ratio of Lorentz invariants s ′ /s in the respective physical problem. One may perform a Mellin transform over z All subsequent calculations are then carried out in Mellin space and one assumes N ∈ N, N > 0. By this transformation the problem at hand becomes discrete. One may seek a description in terms of difference equations. Zero scale problems are obtained from single scale problems treating N as a fixed integer or considering the limit N → ∞.
A main question concerning zero scale quantities is: Do the corresponding Feynman integrals always lead to MZVs? In the lower orders this is the case. However, starting at some order, even for single-mass problems, other special numbers will occur [3] . This makes it difficult to use methods like PSLQ [4] to determine the analytic structure of the corresponding terms even if one may calculate them numerically at high enough precision since one has to known the respective basis completely. 1 Zero scale problems are much easier to calculate than single scale problems. In some analogy to the determination of the analytic structure in zero scale problems through integer relations over a known basis (PSLQ) one may think of an automated reconstruction of the all-N relation out of a finite number of Mellin moments given in analytic form. This is possible for recurrent quantities. At least up to 3-loop order, presumably even to higher orders, single scale quantities belong to this class. Here we report on a general algorithm for this purpose, which we applied to the problem being currently the most sophisticated one: the determination of the anomalous dimensions and Wilson coefficients to 3-loop order for unpolarized deeply-inelastic scattering [8] . Details of our calculation are given in Ref. [9] .
Single Scale Feynman Integrals as Recurrent Quantities
For a large variety of massless problems single scale Feynman integrals can be represented as 1 In a recent analysis [2] the relations between all MZVs in the non-alternating and alternating case were determined up to weight w = 12 and up to w = 24 in the non-alternating case using shuffle-, stuffle-and generalized doubling relations. These relations lead to basis lengths according to the conjectures by Broadhurst [5] and Broadhurst-Kreimer-Zagier [6] , which meets the upper bound set by Terasoma, Goncharov and Deligne [7] . In the non-alternating case we verified that the latter bound is valid at least to w = 26 and stopped the calculation afterwards due to the large complexity involved. All this does not exclude the existence of exotic relations reducing the basis further. polynomials in the ring formed of the nested harmonic sums S a 1 ,...,a k (N), [10, 11] and the MZVs ζ a 1 ,...,a l over the rational function field Q(N). Here,
If b = 1, the meaning of ζ b, a is symbolic, since it diverges. The degree of divergence is a positive power of S 1 (∞). Rational functions in N and harmonic sums obey recurrence relations. Thus, due to closure properties [14] also any polynomial expression in such terms is a solution of a recurrence. Consider as an example the recursion
It is solved by S a (N). Corresponding difference equations hold for harmonic sums of deeper nestedness. Feynman integrals can often be decomposed into a combination containing terms of the form
with H a (z) being a harmonic polylogarithm, [12] . This structure also leads to recurrences, cf. [13] .
It is very likely that single scale Feynman diagrams do always obey difference equations.
Establishing and Solving Recurrences
We assume that a sufficiently large set of moments at integer values N i is given for a physical quantity, which obeys a recurrence relation. One seeks
The method for determining potential recurrences is available in standard packages [14] . The corresponding linear system is dense. Rational number arithmetics is not feasible for the large systems to be solved. Let us consider as an example the difference equation being associated to the contribution of the color factor C 3 F for the 3-loop Wilson coefficient C
2,q in unpolarized deeply inelastic scattering. 11 Tb of memory would be required to establish (3.1) in a naive way. Therefore refined methods have to be applied. We use arithmetic in finite fields together with Chinese remaindering [15] , which reduces the storage requirements to a few Gb of memory. The linear system approximately minimizes for l ≈ d. If one finds more than one recurrence the different recurrences are joined to reduce l to a minimal value. It seems to be a general phenomenon that the recurrence of minimal order is this with the smallest integer coefficients, cf. also [16] . For even larger problems than those dealt with in the present paper, a series of further technical improvements may be carried out, [17] .
For the solution of the recurrence low orders are clearly preferred. It is solved in depth-optimal ΠΣ fields [18] ; here we apply advanced symbolic summation methods as: efficient recurrence solvers and refined telescoping algorithms. They are available in the summation package Sigma [19] implemented in the computer algebra system Mathematica.
The solutions are found as linear combinations of rational terms in N combined with functions, which cannot be further reduced in the ΠΣ fields. In the present application they turn out all to be nested harmonic sums S b (N), (2.1). Other or higher order applications may lead to sums of different type as well, which are uniquely found by the present algorithm.
Determination of the 3-Loop Anomalous Dimensions and Wilson Coefficients
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For the C 3 F -term in C 2,q (N) the recurrence was established after 20.7 days of CPU time. Here 4h were required for the modular prediction of the dimension of the system, 5.8 days were spent on solving modular linear systems, and 11 days for the modular operator GCDs. The Chinese remainder method and rational reconstruction took 3.8 days. 140 word size primes were needed. As output one obtains a recurrence of 31 Mb, which is of order 35 and degree 938, with a largest integer of 1227 digits. The recurrence was solved by Sigma after 5.9 days. We reached a compactification from 289 harmonic sums needed in [8] to 58 harmonic sums, where the representation in [8] (see a corresponding attachment) has already been compactified following an idea of one of the present authors. The determination of the 3-loop anomalous dimensions is a much smaller problem. Here the computation takes about 18 h only for the complete result.
For the three most complicated cases, establishing and solving of the difference equations took 3 + 1 weeks each, requiring ≤ 10Gb on a 2 GHz processor. This led to an overall computation time of about sixteen weeks, with the possibility to parallelize four times. Here we did not yet consider parallelization w.r.t. the 140 primes chosen, which would significantly reduce the computational time of the C 3 F term discussed above and for other comparably large contributions.
In the final representation, we account for algebraic reduction [20] ; for this task we used the package HarmonicSums [21] which complements the functionalities of Sigma. One observes that different color factor contributions lead to the same, or nearly the same, amount of sums at a given quantity. This points to the fact that the amount of sums contributing, after the algebraic reduction has been carried out, is governed by topology rather than the field-and color structures being involved. The linear harmonic sum representations used in [8] require many more sums than in the representation reached by the present analysis. A further reduction can be obtained using the structural relations, which leads to maximally 35 different sums up to the level the 3-loop Wilson coefficients [13] . It is not unlikely that the present method can be applied to single scale problems in even higher order. As has been found before in [13, [22] [23] [24] representing a large number of 2-and 3-loop processes in terms of harmonic sums, the basis elements emerging are always the same. This applies to the anomalous dimensions and Wilson coefficients of the space-and time-like polarized and unpolarized case, the polarized and unpolarized Drell-Yan process and hadronic Higgs-Boson production in the heavy mass limit, deep-inelastic heavy flavor production in the limit Q 2 ≫ m 2 Q , higher order QED corrections in e + e − annihilation, as well as to soft and virtual corrections to Bhabha scattering.
In practice no method does yet exist to calculate such a high number of moments ab initio as required for the determination of the all N formulae in the 3-loop case. On the other hand, a proof of existence has been delivered of a quite general and powerful automatic difference-equation solver, standing rather demanding tests, which is ready to help in the solution of present day problems in higher order Quantum Field Theory. It opens up good prospects for the development of even more powerful methods.
Conclusions
We established a general algorithm to calculate the exact expression for single scale quantities from a finite (suitably large) number of moments, which are zero scale quantities. The latter ones are much more easily calculable than single scale quantities. We applied the method to the anomalous dimensions and Wilson coefficients up to 3-loop order. To solve 3-loop problems this way is not possible at present, since the number of required moments is too large for the methods available. We established and solved the recurrences for all color resp. ζ -projections at once, which forms a rather voluminous problem. Yet we showed that giant difference equations [order 35; degree ∼ 1000] can be reliably and fast established and solved unconditionally for the most advanced problems in Quantum Field Theory.
